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Conformity is established between analytic conditions of C-bifurcation [1] and
the spectrum of eigenvalues of matrices of point mapping linearized in the
neighborhood of the degenerate trajectory, This approach allows to consider
all possible basic structures of C-bifurcation boundaries of parameters space,
and to reveal new cases of existence and birth of periodic modes, including
the occurrence at C-bifurcations of attracting sets with diverging trajectories
("strange attractors”), Mathematical models are devised for the majority of
structures of C-bifurcation boundaries. Some of the bifurcation transformations
are obtained by one-dimensional mapping, which make it possible to follow
closely the process of emergence of complex structures due to parameter varia-
tion.

1. Dynamic systems whose phase space consists of regions @,,. . ., Oy, merg-
ed in some way, in which motions are defined by different equations, are considered
A characteristic of such systems is the specific sequence of passing through these reg-
ions. If at the change of parameter a section of the phase trajectory of periodic mot-
ion in @; reaches the boundary of region (; (a C-bifurcation), a further change
of parameter results in a continuous transition of that motion to a mode of another
type which contains one more trajectory section in @;, and this corresponds to the
simplest bifurcation pattem.

More complex situations are also possible, These include: merging of two motions
of different types, followed by their disappearance, doubling of the oscillation period
[1], emergence of a set of subharmonic modes [2] and of parameter space of extreme
complexity in the neighborhood of the C-bifurcation boundary, producing the effect
of boundary “blurring” [3]). (Complex motions whose analysis reduces to that of one-
dimensional mapping were considered in, e.g., [4] and in the survey [5]). Investiga-
tion of complex motions in piece wise-continuous systems generally results in  the
analysis of discontinuous point mapping. Note that smooth systems of the Lorentz
model type [6] may also lead to discontinuous mappings,

As formunlated here, the phase trajectory L, of periodic motion that reaches
one of the piecewise-continuous regions @; comesponds to parameter u = 0,

In the neighbothood of L, the trajectories generate a continuocus point mapping IT
of some surface D. Since the trajectories may either penetrate ®; or not, II
consists accordingly of maps II+ and II- merged into one.

We introduce on D a system of coordinates Z; such that the fixed point taken
as the reference point would correspond to @ = 0 . We select the z, -axis so
that the matrices of equations linearized with respect to z; and p » which define
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transformations II+ and II-, differ by the elements of their last columns [1]. The
equations of the linearized maps are then of the form

' =Az+cp, 2,0 (L1)
2 =Bzx+ep, 2,0 (1.2)

where r and ¢ are n-dimensional vectors, p is a small parameter, and A and
B are square matrices in which g;; = b,;; when  j 3= p, The latter ensures
the continuity of the joint mapping (1.1), (1.2).
Note that multiple mapping of the type

H‘n‘l” z, > 0

= {H‘"’H“, xn<0

is continuous when II* = II** and discontinuous when [II* 5= [[** Since
among the four possible double mapplugs two are continuous

m {“‘*H*,xn;ao, PRSN (L3)
T, 2, <0, 7,/ >0

I {H'H*,xn>0, w0 (L4
T, 2,0, 2,/ <0

and two are discontinuous when z,, z," = 0

*IF, 2,0, z.'>0 (1.5)
I, 2, <0, 22’ <0
I, 2, >0, 22" <0 (1.6)
s, 2, <0, 2/ >0

o-|
-

To determine the character of dependence of periodic motions on W, i.e. that
of the C- bifurcation, we use the conditions based on the assumption of point mapping
continuity [1]. Let Xa (A) and 7p (A) be characteristic polynomials that corres-
pond to fixed points z* of mappings =z’ == II*z and 2’ = II~z at the limit of

p == 0. Then at the change of p one moticn is converted into another, provided
that condition

%a (1) xp (1) >0 @.n

is satisfied,
Both periodic motions exist when either 5 ~>0 or 34 <0 » and vanish after

joining when pe=0 , if
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Xa (1) %8 (1) <0 (1.8)

A motion of double period defined by the fixed points of mapping (1. 6) is produced
when condition

Xa (—1) %8 (— 1) <0 (1.9)

is satisfied,

Let us present conditions (1. 7) - (1. 9) in a form more convenient for considering
possible stmctures of C-bifurcation boundaries, Let a«; and B; (i =1,...,n)
be the spectra of eigenvalues of matrices A and B, We represent the character-
istic polynomials in the form

2 )= 11— 00, xﬁm_n(h_& (1.10)

i=x)

Since the coefficients of these polynomials are real, the signs of expressions Xa
(1) and Xp (1) are determined by the number of real roots that exceed + 1
( 0o and 0g*), respectively), while those of expressions Xo (— 1) and Xp
(— 1) depend on the number of real roots lying to the left of — 1 (0,~ and 0p").
From this we have the following conditions,

Condition 1, If Og* - 0p* iseven, then at the change of sign of R
the fixed point of transformation (1, 1) continuously converts into the fixed point of
transformation (1, 2).

Condition 2, If 6a* + 0p* is odd, the fixed points of transformations
(1.1) and (1, 2) lie on one side of the axis p = (, mergeat p = 0, and vanish
on the other side,

Condition 3, If 0;" + 65~ is odd, a pair of fixed points of transformat-
ion (1. 6) which cotresponds to the motion of double period is generated,

To determine the location of the region of existence of the mouon of do+uble penod
relative to p = O it {s sufficient to know the number Gap + Ogg (OF Oap ~+ Gpg)
of products of matrices AB and AA (or AB and BB ) that exceed -1
and use Condition 1 or 2 for any of the continuous transformations (1. 8) or(1.4). Note
that the eigenvalues of matrices AA and BB are, respectively, equal «,% and

B2 (i=1,...,n).

2. From the entire manifold of structures of the parameter space bifurcation bound-
aries we separate the basic ones which we define as structures whose single and double
periodic motions only have to be considered,

For convenience of representation of bifurcation transformations we use the follow-
ing notation for periodic motions. The motion defined by a fixed point of mapping
(1,1) is denoted by A if it is stable, and by @ if unstable; the motion defined by a
fixed point of mapping (1.2) correspondingly by B and b, and the motion defined
by fixed points of the double transformation (1. 6)
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z'=Bdxz+ (B+ E)ep, z, >0 2.1
g = ABx + (A 4+ E)ep, z,<0

n

by AB and ab when these are stable and unstable, respectively. In this formula
E denotes a unit matrix,
Since eigenvalues contained in a circle of unit radius correspond to stable periodic
motions, the region of existence of any two of the three stabie motions 4, 5, and
AB can, in conformity with Conditicn 1, only lie on different sides of axis p = 0.
When at least one of the considered two periodic motions is unstable, generally
any distribution of eigenvalues a;, B;, A; relativeto <1 and —1{ is formally
possible, This implies the possibility of existence of seventeen basic structures of the
C -bifurcation boundary, which represent five essentially different cases,
Case 1°. A simple change of the type of motion for which o,* - og*+ and
0o -+ 04~ are even numbers, Depending on the specific values of o, and B,
three transformation structures are possible

A->B(n>1), 4—bmn>2,a=>bn>1) 2.2)

where the dimension of point mapping with which the particular stracture is possible
is shown in parentheses.
Case 2°. Simple merging with disappearance of the two moticn types for which
Og* + 0p* isoddand g¢,” + o4 even. Two bifurcation transformation struct-

ures are possible
A, b>Onr>1), a b>@ (n>2) (2.3)

Case 3°. A change of the type of motion with formation of a double/oscillat-
ion/mode for which 0, + 04, isodd, while 0,% - 0t and O™ + Tge*
are even, Five structures are possible in this case.

A—~b AB(n>1), A->b, ab(n>1), a—B, ab(n>1), (249
a—>b, AB(n>2),a—=b, ab(n»2)

Case 4°, Merging with disappearance of the two types of motion and of the
double oscillation mode, This occurs when all three numbers o+ -+ 0 3%, g~
4+ 057, and Ogp* -+ Ouo* are odd. Three tramsformation structures are possible
here

A, 5,80 > P (r>2), a.bab—~>F(n>1) (2.5
a, b, AB—~> (n>2)

Case 5° Merging of two types of mation with formation of a double/oscilla-
tion/mode when 0,* -+ 0g* and ¢, -+ oy~ areodd, and Ogp* + Oaet is
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even, Here four structures are formally possible

A, b—> AB, A, b—ab (2.6)
a, b— AB, a, b—>ab

The last case requires some clarification, The point is that in the case of trans-
formation of a straight line into a straight line (n = {) the existence of a fixed
double point implies the existence of a single one [4], i. e, the impossibility of reali-
zing transformations (2, 6). The impossibility of obtaining these structures for n = 2
can be proved, but the question of their realization for n > 2 remains for the time
being open,

Formulas (2, 2)—(2, 6) show that twelve possible basic structures, in nine of which
transformation is accompanied by stability loss, may correspond to C -bifurcations
of stable periodic motions A,B,or AB.

3. It is shown below that it is always possible to obtain a mapping of the form
(1.1), (1.2) that conform to specified spectra ¢; and ;.

Let 2r valuesof «; and f; be specified, and let it be required to determine
elements a;; and b&;; of matrices A and B. Since a;; = b;; (j % n),
there are  n* 4 n unknowns. The problem is simplified by retaining 2n elem-
ents a;, and b;, only as the unknowns., Remaining elements can be specified with
some degree of arbitrariness, but so as not to loose unknowns when writing down the
principal minors, For example

a;=0 (is=j+1) au;=1 (=1,2,..,n—-1) 3.1
Coefficients yx of characteristic polynomials

X)) =A 4+ pA™ L+, @.2)
n
are equal to the sum, taken with factor (—1)*¥ , of all (k) principal minors of
the k-th order of the determinant det (A) or det (B) [7]. Since unknowns are
only left in the last column, the above coefficients are linearly dependent on  the
sought elements, On the other hand, the definition of characteristic polynomials in
(1.10) implies that 1y, are symmetric functions of specified roots

wW=—1r3 ... Jug...q (3.3)

fe=] f==1 r=1

h = (— 1)k 3 2...§lﬁiﬁ,...ﬁ,

i=1 j=1



890 M.L Feigin

where i=j 7 ...3r overallfactos % . Asthe remit we obtain a system
of 2n lnear equations with a nonzero determinant,

As an example, we construct mappings (1.1), (1.2) for n =1, 2, 3.
1) Two eigenvalues o and B are specified and taken as the elemeats of matrices
of one-dimensional transformation. The eigenvalue of the matrix products ABis aff.

2) Four eigenvalues a;, oy, fi;,and B, are specified. We seek matrices A and
Bof the form (3.1). We determine elements a,, and a,, by formulas

fo = X0y = det (A) = —ay,, Pa=0a; + 0y =Tr(A) =ay (3.9

We similarly obtain &,, and b,,. As the result, we have transformation
matrices of the form

A=l sl m=l el .5

Eigenvalues of the matrix product ABor of the similar product BA are determined
by the roots of equation

A* + (ga + qp — PaPp) A T %afp = 0 (3.6)

3) Let us obtain matrices of three~dimensional transformation of the form (3.1)
for specified spectra of &, Gy, @y, By, By, and P,. Elements a;3 are determined
by formulas

Yla = “"‘aas = e (al + az + aS) = _pd- (3' 7)
Vo = —lyy = OOy | Oyl + agty = $q
YE = Oy = — U Uly = —(g

Similarly we have
bys = qpr  bag = —Sp, b33 = Pp (3.8)

From (3. 1), (3.7), and (3. 8) we obtain the sough matrices

00
090 o by (3.9
A == 1 0 —s4 R B = 1 0 — 8p

Eigenvalues of the matrix product ABare determined by the set of roots of equat-
ion

A 4 (sg + Sg — PaPp) A + (Sa8p — Padp — Ppla) b — Gugp = O
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4, The above analysis, limited to single and double periodic motions, only shows
that, when the specified conditions are satisfied, the pattern of bifurction is not simpler
than the one defined above as the basic, The complete bifurcation pattern may prove
to be much more complex,

Of particular interest are C~bifurcations transformations with loss of stability and
generation of several unstable modes, including the double mode, Appearance of the
latter indicates the possibility of existence of even more complex periodic modes.
Conditions under which these transformations are safe [8, 9] and all multiple fixed
points unstable may correspond to the appearance of the strange attractor,

As the first example, let us consider the two-dimensional continuous mapping of
the form (3, 5) which depends on the three parameter u, p, T (p, T > 0)

T—p

v V=z+(F——)y—r @<0)

In conformity with (3,4) and (3, 5) the eigenvalnes of transformation matrices are
o = 1"/21 Qg = —p/z, Bl = 1/", ﬁ’ = —1/p

For these eigenvalues Condition / is satisfied in the interval 1 <{ v < 2, where
one of the perdodic modes exist for u < 0 and the other for p > 0. Condit-
ion 2 is satisfied in the region 0 < v <1 in which both modes exist for p < 0
and in region T > 2 where they exist for 4 > 0. Condition 3 is satisfied when
0L p<1 and p>2. A double periodic motion exists in these regions. The
characteristic polynomial (3, 6) of that motion assumes the form

V(4 (=) (G -4 -

Motion AB is stable when the inequalities
—1<(F—0) (= F) <O

are satisfied. Violation of the left-hand inequality corresponds to the appearance of
root A = -4 , and that of the right-hand one of root -~ A = —1 which are
showm in Fig, 1 by the solid and dash lines, respectively, Subdivision of the plane

of parameters p and T into regions with different structures of the C-bifurcation
boundaries is also shown in Fig, 1, where the structures of regions denoted by the same
numerals with and without primes differ by the direction of variation of parameter

B and by the periodic mode designation. For example, the increase of p the
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structure of C-bifurcation transformation 4, ab~+ b corresponds to region 7 ,
while transformation structure ¢~ B, ab comesponds to region 7’ , Regions
in whichexistence of the strange attractor is possible are shaded, With allowance for
(2,3) —(2, 5) it is evident from Fig. 1 that the separated regions can be reached by
using a sequence of bifurcation transformations obtained even by one-dimensional
point mapping, These transformations are shown by armows, Thus, to the transform-
ation due to change of parameter 1 , first, corresponds structure A - b, 4B
(region 6 ), then structure 4 —» b, gb (region 5 ), and finally structure (7
—a, b, ab (region]).

Occurence of strange atiractors is examined on the example of one~dimensional

mapping

2 =azx—p, 230 (4.1
g =fr—p <0 (2>0,8<0)

when <0 and @ <1 there exists a stable fixed point z* = g/
(@ — 1) of mode A , whilefor u > 0 and B < —1 we always have the unstable
point z* == /(B — 1) of mode 5 and a pair of fixed point of the double
mode, Fixed point of any multiplicity are evidently unstable when @ >1 and

B —1.
By an appropriate selection of parameters « <1 and B < —4 it is possible
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to obtain a C-bifurcation transformation with which the stable mode A vanishes
at B = 0 simultaneously generating not less than a set of periodic modes b,
ab,. . ., a*-%b, A¥-1B (k> 2) of which the most complex one is stable.
The conditions of existence of mode a*5 reduce to conditions for the signs of
the fixed point sequence

21* < 01 x:‘ > 0, o ey Ik‘ > 0 (4' 2)

Expressing the values of these points in terms of pu, @, and f, we readily find
that all of conditions (4.2) are satisfied for p >0, if

PL—(+at+at4. .. +a ™) =f(a) (4.3)

It follows from (4, 3) that when « and B are specified and there exists a mode
of multiplicity 7 all modes of lower multiplicity exist, since fi1 (2) < fx (2) for
kLl

Since the eigenvalue of the mode of k -multiplicity is "B, the condition
of that mode stability is of the form

B> —a ™ = g (a) (4.4)

Analysis of conditions (4,3) and (4, 4) shows that with decreasing P the mode of
multiplicity & fist becomes unstable, and only after that a mode of multiplicity
k + 1 is generated, as well as that for any % > 2 there exist « and g which
simultaneously satisfy both conditions

P (@) <B < fr (@) (4.5)

since the remainder of the monotonically increasing functions ¢x and fx changes
its sign and the functions intemsect at some point 0 < a; < 1.

The above statement is proved. When (4, 5) is satisfied, thenat p =0 we
have the safe transformation 4 — A*1B, .... Note that in the case of the revealed
set of structures the concept of safe and unsafe C-bifurcation boundary cannot be
uniquely linked with its simplest structure, as was done in [1], Whenfor p >0
there are not stable fixed points, the transformation may be either unsafe (e.g., 4
— b) or safe. Regions of possible existence of an attractor is shaded in Fig, 2 where
the dash line denotes the boundary of the region of appearance of triple fixed points;
above that line modes of any multiplicity can exist [4].

A Lamery diagram for five points of the parameter plane is shown in Fig, 3, where
the notation conforms to Fig,2 (n>>0).  The diagram lower part shows the nominal
subdivision of the 2z -axis into intervals of " contraction” and " dispersal” of points
of mapping (4.1). The unstable simpie fixed point z, (black dots) and the mapped
onto it point =z, (small ecircles) define in Fig, 3 the subdivision boundaries

PRI N
1Wa—1' T f@@—1)
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When —1 < § < 0 (Case 1 of o, and p, with the related structure & — a, Bin
Figs. 2 and 3), the interval %y  coatains a  single stable fixed  point.
Case 2 {ay, Py} corvesponds to transition through the sability boundary f=~=—1 at
which a conticuum of double fixed points — p < 27, < 0 is generated. With decress-
ﬁls 3'(‘:‘“ 3 of oy and ﬁ; with related stueture & — a, byab)"nw} the
mapping pojnts i the interval z,7, lead to the attrsction tnterval — p <z <~
(4 - B) (shown in Fig. 3 by the dash Mae)inside which stable fixed points cannot exist,
With further decrease of §polats zdand2; approach the attraction interval, mesging
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with its ends when the image of point z = 0 is at point Zo. Case 4 (a,, B;) has
been chosen on the bifurcation boundary a 4 aff — p = 0 which corresponds to the
loss of the attraction property by the interval,
Cases I and ¢ relate to an unsafe C-boundary: for u > 0 there exists either
a stable fixed point or a strange attractor both of which vanish at p=0. The
stable point merges with the unstable and, when the strange attractor vanishes, the
position of the attraction interval within the contraction interval remains unchanged
for any as small as desired B >0,
For « <1 the attraction interval becomes " absolutely stable” (Case 5 of ag,
Bg with structure A — b, ab). The C-boundary p = 0 is here safe and corresponds
the transformation of motion 4 either into a stable periodic mode of complex type
or into a strange attractor. Computer simulation of mapping (4. 1) showed convergence
to the respective periodic sequence of fixed points (Case 6 with the related structure
A —b,AB, Case & andstructure A — A®B, ..., and Case 10 with structure
A — A3B, ..., shown in Fig, 2) or the complete filling of the attraction interval (Case
S, Case 7, with A —b,ab, and Case 9 with 4 — b,ab,... ,, )
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